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1. Introduction {#advs1705-sec-0010}
===============

Darwinian adaptive evolution is one of the key processes in tumor progression.^\[^ [^1^](#advs1705-bib-0001){ref-type="ref"}, [^2^](#advs1705-bib-0002){ref-type="ref"}, [^3^](#advs1705-bib-0003){ref-type="ref"}, [^4^](#advs1705-bib-0004){ref-type="ref"}, [^5^](#advs1705-bib-0005){ref-type="ref"}, [^6^](#advs1705-bib-0006){ref-type="ref"}, [^7^](#advs1705-bib-0007){ref-type="ref"}, [^8^](#advs1705-bib-0008){ref-type="ref"}, [^9^](#advs1705-bib-0009){ref-type="ref"}, [^10^](#advs1705-bib-0010){ref-type="ref"}, [^11^](#advs1705-bib-0011){ref-type="ref"}, [^12^](#advs1705-bib-0012){ref-type="ref"}, [^13^](#advs1705-bib-0013){ref-type="ref"}, [^14^](#advs1705-bib-0014){ref-type="ref"} ^\]^ Diversification and adaptation of tumor cells is a reason for cancer treatment failures and multi‐drug resistance of tumor cells.^\[^ [^14^](#advs1705-bib-0014){ref-type="ref"}, [^15^](#advs1705-bib-0015){ref-type="ref"}, [^16^](#advs1705-bib-0016){ref-type="ref"}, [^17^](#advs1705-bib-0017){ref-type="ref"}, [^18^](#advs1705-bib-0018){ref-type="ref"}, [^19^](#advs1705-bib-0019){ref-type="ref"} ^\]^ For optimization of treatment strategies, it is widely accepted that tumor evolution processes must be taken into consideration.^\[^ [^14^](#advs1705-bib-0014){ref-type="ref"}, [^18^](#advs1705-bib-0018){ref-type="ref"}, [^20^](#advs1705-bib-0020){ref-type="ref"}, [^21^](#advs1705-bib-0021){ref-type="ref"}, [^22^](#advs1705-bib-0022){ref-type="ref"}, [^23^](#advs1705-bib-0023){ref-type="ref"}, [^24^](#advs1705-bib-0024){ref-type="ref"}, [^25^](#advs1705-bib-0025){ref-type="ref"}, [^26^](#advs1705-bib-0026){ref-type="ref"}, [^27^](#advs1705-bib-0027){ref-type="ref"} ^\]^ These strategies focus on the suppression of tumor proliferation by taking advantage of evolutionary factors.

Any tumor consists of different types of cells^\[^ [^28^](#advs1705-bib-0028){ref-type="ref"}, [^29^](#advs1705-bib-0029){ref-type="ref"} ^\]^ that interact with one another and with normal cells. Various mathematical models have been suggested for describing the interaction between different types of tumor cells and between normal and tumor cells.^\[^ [^5^](#advs1705-bib-0005){ref-type="ref"}, [^6^](#advs1705-bib-0006){ref-type="ref"}, [^7^](#advs1705-bib-0007){ref-type="ref"}, [^8^](#advs1705-bib-0008){ref-type="ref"}, [^9^](#advs1705-bib-0009){ref-type="ref"}, [^10^](#advs1705-bib-0010){ref-type="ref"}, [^11^](#advs1705-bib-0011){ref-type="ref"}, [^12^](#advs1705-bib-0012){ref-type="ref"}, [^27^](#advs1705-bib-0027){ref-type="ref"}, [^30^](#advs1705-bib-0030){ref-type="ref"}, [^31^](#advs1705-bib-0031){ref-type="ref"}, [^32^](#advs1705-bib-0032){ref-type="ref"}, [^33^](#advs1705-bib-0033){ref-type="ref"} ^\]^

The vital role of the microenvironment in tumor initiation and proliferation processes is well‐recognized.^\[^ [^2^](#advs1705-bib-0002){ref-type="ref"}, [^3^](#advs1705-bib-0003){ref-type="ref"}, [^10^](#advs1705-bib-0010){ref-type="ref"}, [^11^](#advs1705-bib-0011){ref-type="ref"}, [^14^](#advs1705-bib-0014){ref-type="ref"}, [^15^](#advs1705-bib-0015){ref-type="ref"}, [^34^](#advs1705-bib-0034){ref-type="ref"}, [^35^](#advs1705-bib-0035){ref-type="ref"}, [^36^](#advs1705-bib-0036){ref-type="ref"}, [^37^](#advs1705-bib-0037){ref-type="ref"} ^\]^ The microenvironment can promote or suppress tumor proliferation.^\[^ [^10^](#advs1705-bib-0010){ref-type="ref"}, [^11^](#advs1705-bib-0011){ref-type="ref"} ^\]^ Changes in the microenvironment can occur as a result of interaction between tumor and stromal cells and because of biotic (nutrients supply) and abiotic (drug application) variation.^\[^ [^10^](#advs1705-bib-0010){ref-type="ref"}, [^11^](#advs1705-bib-0011){ref-type="ref"}, [^24^](#advs1705-bib-0024){ref-type="ref"}, [^35^](#advs1705-bib-0035){ref-type="ref"} ^\]^ Because the environment affects the tumor evolution, these changes represent potential targets for antitumor treatment.^\[^ [^10^](#advs1705-bib-0010){ref-type="ref"}, [^31^](#advs1705-bib-0031){ref-type="ref"}, [^32^](#advs1705-bib-0032){ref-type="ref"}, [^37^](#advs1705-bib-0037){ref-type="ref"}, [^38^](#advs1705-bib-0038){ref-type="ref"} ^\]^ Adaptive treatment strategies strive to exploit these interactions to control the tumor growth, instead of killing as many tumor cells as possible.

Both frequency‐dependent selection (where the dynamics of heritable traits does not depend on the total population size) and density‐dependent population growth dynamics (where the interaction between different types within the population depends on the population size) of cells subject to environmental changes can drastically differ from those in a fixed environment.^\[^ [^39^](#advs1705-bib-0039){ref-type="ref"}, [^40^](#advs1705-bib-0040){ref-type="ref"}, [^41^](#advs1705-bib-0041){ref-type="ref"}, [^42^](#advs1705-bib-0042){ref-type="ref"}, [^43^](#advs1705-bib-0043){ref-type="ref"}, [^44^](#advs1705-bib-0044){ref-type="ref"}, [^45^](#advs1705-bib-0045){ref-type="ref"}, [^46^](#advs1705-bib-0046){ref-type="ref"}, [^47^](#advs1705-bib-0047){ref-type="ref"}, [^48^](#advs1705-bib-0048){ref-type="ref"}, [^49^](#advs1705-bib-0049){ref-type="ref"}, [^50^](#advs1705-bib-0050){ref-type="ref"} ^\]^ A changing environment can induce polymorphic states that do not exist in fixed environment,^\[^ [^40^](#advs1705-bib-0040){ref-type="ref"}, [^43^](#advs1705-bib-0043){ref-type="ref"}, [^45^](#advs1705-bib-0045){ref-type="ref"}, [^47^](#advs1705-bib-0047){ref-type="ref"}, [^51^](#advs1705-bib-0051){ref-type="ref"}, [^52^](#advs1705-bib-0052){ref-type="ref"} ^\]^ thus changing the evolutionary dynamics^\[^ [^53^](#advs1705-bib-0053){ref-type="ref"}, [^54^](#advs1705-bib-0054){ref-type="ref"} ^\]^ of the population.

In a changing environment, the density‐dependent population growth dynamics also differs from that in a fixed environment. The changing environment can vary both spatially and temporally. The analysis presented here pertains to a time‐variable, periodically changing environment. Periodical changes affecting the tumor cells can be associated with biotic (blood circulation, nutrients supply) or abiotic (periodical drug usage) variations and/or mechanical stress; periodical variations are defined with respect to the characteristic lifetime of the population. It has been shown that periodical environmental changes allow stable coexistence of two competing species in cases when such coexistence is impossible in a fixed environment.^\[^ [^41^](#advs1705-bib-0041){ref-type="ref"}, [^43^](#advs1705-bib-0043){ref-type="ref"}, [^45^](#advs1705-bib-0045){ref-type="ref"}, [^47^](#advs1705-bib-0047){ref-type="ref"}, [^48^](#advs1705-bib-0048){ref-type="ref"} ^\]^ Here, we focus on fast environmental changes, that is, the case when the environment goes through multiple oscillations during the characteristic time of the population growth. These oscillations are considered as periodical variations of the characteristics of tumor population growth. It is assumed that environmental changes affect the competition between different cell types. However, these changes occur on a fast time‐scale, so that the averaged competition coefficients (over the period of environmental variations) of different types of tumor cells do not vary during the population growth time. It is also possible to assume that the competing cell types do not change in the course of the population growth, that is, we examine the population dynamics without mutations, so that the change of the population size depends only on density‐dependent competition (no migration). We observe that, due to the fast environmental changes, a new mechanism of competition between different types can arise in the population dynamics. The dynamics of the density‐dependent population growth depend on the total size of the population, and thus, arising new mechanisms can also alter the growth dynamics of the entire tumor. This information can be crucial for tumor growth suppression.^\[^ [^21^](#advs1705-bib-0021){ref-type="ref"} ^\]^ These observations may hold promise for a novel approach for suppression of tumor growth for cancer treatment.

The proposed model is applicable to tumors that contain different types of cells competing for resources. As an illustration of the effects caused by environmental changes, we analyze the tumor population growth of the metastatic castration‐resistant prostate cancer (mCRPC) in a changing environment.The mCRPC contains three distinct cell types that differ with respect to the production of and dependence on testosterone,^\[^ [^33^](#advs1705-bib-0033){ref-type="ref"}, [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^ and we elucidate the density‐dependent interactions between those cell types.

The interactions between different types of tumor cells define the evolutionary outcome of the tumor population growth. The growing success of a cell type is defined by its reproduction (reproduction coefficients) and competition (coefficients matrix) rates. The reproduction rate corresponds to the population growth in the absence of other types. The competition matrix defines the competition between different cell types, that is, how the presence of one type will affect the dynamics of the other type. In mCRPC, the worst outcomes occur when the competition matrix supports the existence of only *T* ^−^ cell types (these are the type of tumor cells that are independent of testosterone) or a high density of this type in the population as an evolutionary outcome, because the *T* ^−^ type cells are not vulnerable under ADT and abiraterone therapies. In this work, we focus on these two cases, namely the occurrence of *T* ^−^ type cells only as an outcome of the population growth dynamics in a fixed environment and the occurrence of high density of the *T* ^−^ type. For these cases, the effect of environmental changes on the tumor population growth is explored by mathematical and computer simulations, coupled with analytic derivations.

2. Results {#advs1705-sec-0020}
==========

2.1. Population Model {#advs1705-sec-0030}
---------------------

We first assume that there are *n* types of competing species (cell types). The density‐dependent population dynamics of these species is described by the Lotka--Volterra system of equations. We are interested in both the complete population size and the composition of different species in the population. As such, we use the Lotka--Volterra system written in terms of the population densities and the total number of individuals in the population.^\[^ [^56^](#advs1705-bib-0056){ref-type="ref"} ^\]^ $$\begin{aligned}
\frac{dp_{i}}{dt} & {= p_{i}\left( {f_{i} - \sum\limits_{j}{p_{j}f_{j}}} \right),\qquad\sum\limits_{i}p_{i} = 1} \\
\end{aligned}$$ $$\begin{aligned}
f_{i} & {\equiv r_{i} - N\sum\limits_{j}{a_{ij}p_{j}}} \\
\frac{dN}{dt} & {= N\sum\limits_{j}{p_{j}f_{j}}} \\
\end{aligned}$$where *N* is the total population size, $p_{i} = \frac{N_{i}}{N}$ is the density (fraction) of type *i*, *r* ~*i*~ is the reproduction rate for type *i*, *a* ~*ij*~ \> 0 is the competing coefficient between species {*ij*}, and *f* ~*i*~ is the fitness of the population *i*. Positive *a* ~*ij*~ means that the growth of a type *i* is negatively affected by type *j*; in general, *a* ~*ij*~ ≠ *a* ~*ji*~. In prey--predator models, some of these coefficients can be negative, that is, the presence of prey promotes the growth of predators. It can be seen that Equation ([1](#advs1705-disp-0001){ref-type="disp-formula"}) is similar to the replicator equation, which is known from the frequency‐dependent selection in evolutionary dynamics.^\[^ [^51^](#advs1705-bib-0051){ref-type="ref"}, [^52^](#advs1705-bib-0052){ref-type="ref"}, [^57^](#advs1705-bib-0057){ref-type="ref"} ^\]^ However, in contrast to the replicator dynamics where the fitness does not depend on the population size, under density‐dependent population growth, the fitness of the population is a decreasing function of the population size. In this model, at equilibrium, the fitness of each population type cancels out as seen from ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}), if all types are present in the equilibrium state *p* ~*i*~ \> 0, $i = 1,\ldots,n$. In the stable state, the population size does not vary ([2](#advs1705-disp-0002){ref-type="disp-formula"}), hence the mean fitness is zero. From this, it follows that the fitness of each type is zero in the stable state, if each type is initially present in the population. From the definition of *p* ~*i*~ and ([1](#advs1705-disp-0001){ref-type="disp-formula"}), it follows that $\sum_{i}p_{i} = 1,\mspace{600mu}\sum_{i}\frac{dp_{i}}{dt} = 0$. Hence, the possible compositions of the population are located in the simplex Σ^*n*^ for any given population size *N*, where each vertex of the simplex represents the population state consisting of only one type. For each point in this simplex, there is an equilibrium population size.^\[^ [^56^](#advs1705-bib-0056){ref-type="ref"} ^\]^

Environmental changes are incorporated as fast and periodical changes in the competition coefficients. We assume that the reproduction coefficients do not vary with time. The competition coefficients consist of a constant ${\overline{a}}_{ij}$ and a time oscillating term ${\overset{\sim}{a}}_{ij}{(\tau)}$. $$\begin{array}{rcl}
{a_{ij}{(\tau)}} & = & {{\overline{a}}_{ij} + {\overset{\sim}{a}}_{ij}{(\tau)}} \\
\end{array}$$where τ = ω*t* is the fast time. The constant part in ([3](#advs1705-disp-0003){ref-type="disp-formula"}) describes the interaction between species without any environmental changes (either biotic or abiotic). These coefficients define the population dynamics outcome described by the system of Equations ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}). The oscillating term describes the effect of the biotic and abiotic variations on the competition. It is reasonable to assume that the time‐average of the term for each period of environmental changes is zero. $$\begin{array}{rcl}
\overline{{\overset{\sim}{a}}_{ij}} & \equiv & {\int_{0}^{2\pi}{\overset{\sim}{a}}_{ij}{(\tau)}\frac{d\tau}{2\pi} = 0} \\
\end{array}$$

After each period of environmental change, the competition coefficients will have the same values as before in the variations.

The population dynamics in the fast time‐scale describe the instantaneous impact of variation in the environment on the population densities. By contrast, the slow time‐scale dynamics describe the evolutionary outcome. These two types of dynamics are in a feedback relation. The fast variations in the population densities depend on the composition of the population in the slow time (i.e., over longer time periods), and conversely, the fast variations indirectly affect the evolution of population densities in the slow time. The periodical variation of the environment induces a new mechanism in the tumor population growth dynamics. In the presence of periodical variations of the environment, competition between different tumor cell types changes: essentially, the success of a type of cells is defined not only by the competition with other types separately, but also by the competition with two or more other types simultaneously. These new effects are due to the overlap between time‐dependent competition rates, and those can potentially be exploited as a controlling mechanism for tumor population growth.

2.2. Tumor Population Growth under Environmental Changes {#advs1705-sec-0040}
--------------------------------------------------------

Here, we address tumor population growth under environmental changes for two cases, using mCRPC as an example. The mCRPC contains three distinct cell types. The *T* ^+^ type cells require exogenous androgen and rely on the testosterone produced by the human body. Androgen deprivation therapy (ADT) that stops the normal production of testosterone^\[^ [^58^](#advs1705-bib-0058){ref-type="ref"} ^\]^ is used against this type of cells. However, resistance to the ADT builds up over time. One of the causes for the resistance is the increased expression of the CYP17A enzyme^\[^ [^17^](#advs1705-bib-0017){ref-type="ref"}, [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^ that is essential for testosterone production. As a result, the cancer cells start to produce testosterone. The second type of tumor cells are the testosterone‐producing cells *T* ^*p*^. These cells occur as a result of the up‐regulation of the CYP17A enzyme. Against this type, the abiraterone therapy is used, which blocks the production of CYP17A.^\[^ [^33^](#advs1705-bib-0033){ref-type="ref"}, [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^ The third type are *T* ^−^ cells, which do not produce testosterone and do not rely on it. It has been shown that incorporating the evolutionary dynamics into the treatment procedure leads to improved results.^\[^ [^33^](#advs1705-bib-0033){ref-type="ref"}, [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^ In some cases, it is also possible to suppress the growth of *T* ^−^ cells.^\[^ [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^ These cases are defined by the competition coefficients, which can vary for different patients.

There are two distinct types of tumor growth dynamics. Under the first type, the only stable rest point of the tumor population growth dynamics in a fixed environment is the vertex of *T* ^−^ type; that is, the tumor consists entirely of *T* ^−^ cells. In the second case, the population dynamics in a fixed environment also has only one rest point, but it is not in a vertex of the simplex, that is, more than one type is present in the stable state. The stability of the vertices in the fixed environment is defined from the system ([(1)](#advs1705-disp-0001){ref-type="disp-formula"}, [(2)](#advs1705-disp-0002){ref-type="disp-formula"}). The vertex *i*, *i* = 1, 2, 3 (where 1,2,3 refer to the cases for which the tumor consists of only *T* ^+^, *T* ^*p*^, and *T* ^−^ cells, respectively) will be a stable rest point of the system ([(1)](#advs1705-disp-0001){ref-type="disp-formula"}, [(2)](#advs1705-disp-0002){ref-type="disp-formula"}) in the fixed environment if $$\begin{array}{r}
{r_{i}{\overline{a}}_{ki} > r_{k}{\overline{a}}_{ii},\qquad i,k = 1,2,3,\mspace{600mu} i \neq k} \\
\end{array}$$

If condition ([5](#advs1705-disp-0005){ref-type="disp-formula"}) is not satisfied for all vertices, then the stable rest point of the system is in the interior of the simplex. Thus, in this case, there is more than one type of tumor cells in the equilibrium state. In the former case, the environmental changes can induce a new stable rest point in the interior of the simplex for the slow‐varying population densities. In the latter case, where there can be more than one type of tumor cells represented in the stable state, environmental variations can cause changes in the stationary densities of tumor cells. Hence, the number of stable rest points remains the same. For illustrative purposes, we use data drawn from the cancer research literature.^\[^ [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^ The coefficients equal to {*r* ~1~, *r* ~2~, *r* ~3~} = {0.278, 0.355, 0.665} are reproduction rates determined by cell lines, and represent the upper bound for reproduction rates.^\[^ [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^ Thus, it is reasonable to use these values to illustrate possible non‐trivial dynamical effects.

For the given reproduction coefficients, the stable equilibrium state of the population dynamics is defined by the competition coefficients. The ordering of the possible competition coefficients is defined by two rules^\[^ [^55^](#advs1705-bib-0055){ref-type="ref"} ^\]^: first, in the absence of exogenous testosterone, *T* ^+^ tumor type cells are the least competitive type; the second rule is that the competitive effect of the *T* ^−^ type against the *T* ^*p*^ type is stronger than against the *T* ^+^ type. These two rules define six inequalities between the competition coefficients *a* ~31~ \> *a* ~21~, *a* ~32~ \> *a* ~12~, *a* ~13~ \> *a* ~23~, *a* ~23~ \> *a* ~21~, *a* ~13~ \> *a* ~12~, and *a* ~32~ \> *a* ~31~. The possible scenarios of tumor population growth in terms of these competing coefficients in the fixed environment, and for the frequency‐dependent selection mechanism in the tumor are discussed in refs. \[[7](#advs1705-bib-0007){ref-type="ref"}, [32](#advs1705-bib-0032){ref-type="ref"}, [33](#advs1705-bib-0033){ref-type="ref"}, [55](#advs1705-bib-0055){ref-type="ref"}\]. With respect to the population growth dynamics, these six inequalities should be considered under the condition ([5](#advs1705-disp-0005){ref-type="disp-formula"}), to define the possible stable state in the fixed environment. Hence, we will use two different competition coefficient matrices for the two scenarios discussed above.

### 2.2.1. Coexistence of Different Cell Types Due to Environmental Variation {#advs1705-sec-0050}

We now investigate the scenario under which the dominance of *T* ^−^ cells is inevitable. This means that the only stable rest point of the population dynamics in the fixed environment is the vertex in which all cells are of type *T* ^−^. The competition coefficient matrix which satisfies ([5](#advs1705-disp-0005){ref-type="disp-formula"}) for the above conditions has the following form:*T* ^+^*T* ^*p*^*T* ^−^*T* ^+^1/*K*0.7/*K*0.8/*KT* ^*p*^0.4/*K*1/*K*0.5/*KT* ^−^0.6/*K*0.9/*K*1/*K*John Wiley & Sons, Ltd. where *K* is a large number. The appearance of *K* is due to the fact that in a stable state, the total population size has to be sufficiently large. Otherwise, in the stable state, the total population size is equal to *r* ~3~ found from ([2](#advs1705-disp-0002){ref-type="disp-formula"}). Hereafter we assume *K* = 10 000. The dynamical properties of population growth does not depend on the exact value of *K*.

For the above parameters, the population growth dynamics in fixed and periodically changing environments are illustrated in **Figure** [1](#advs1705-fig-0001){ref-type="fig"}. Only *T* ^−^ cells are present in the stable state.

![Densities of the tumor types--*T* ^+^(blue), *T* ^*p*^(green), and *T* ^−^(red). For ω = 2, κ~1~ = κ~2~ = 3.35\*10^−8^. The coefficients κ~*i*~ describe the advantage of type *i* in the competition with other types due to the environmental changes. Initial conditions are as follows $p_{1}{(0)} = p_{2}{(0)} = p_{3}{(0)} = \frac{1}{3}$, *N*(0) = 3000. The initial conditions of the slow time varying densities ${\overline{p}}_{1}{(0)} = 0.447,{\overline{p}}_{2}{(0)} = 0.219,{\overline{p}}_{3}{(0)} = 0.333$. Dashed lines are the densities of different types of tumor cells in the fixed environment found from ([(1)](#advs1705-disp-0001){ref-type="disp-formula"}, [(2)](#advs1705-disp-0002){ref-type="disp-formula"}). Solid lines represent the slow‐varying densities. These quantities are obtained from ([11](#advs1705-disp-0011){ref-type="disp-formula"}) and ([12](#advs1705-disp-0012){ref-type="disp-formula"}). Oscillating curves represent the densities of different types directly found from the system ([1](#advs1705-disp-0001){ref-type="disp-formula"}), ([2](#advs1705-disp-0002){ref-type="disp-formula"}), and ([3](#advs1705-disp-0003){ref-type="disp-formula"}).](ADVS-7-2000340-g001){#advs1705-fig-0001}

For the environmental changes, we assume ω = 2 and the competition coefficients ${\overset{\sim}{a}}_{ij}$ are harmonic functions such that κ~1~ = κ~2~ = 3.35 × 10^−8^. The coefficients κ~*i*~ describe the advantage of type *i* in the competition with other types due to the environmental changes. These quantities arise due to the overlaps between periodically varying parts of the competition coefficients. The oscillating curves represent the solution of the dynamical system ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}) using competition coefficients ([3](#advs1705-disp-0003){ref-type="disp-formula"}). In contrast to the case of the fixed environment, in the periodically changing environment, each cell type is represented in the equilibrium state (see the solid lines showing the time‐averaged densities in Figure [1](#advs1705-fig-0001){ref-type="fig"}).

The appearance of the tumor cell types *T* ^+^ and *T* ^*p*^ in the equilibrium state is due to the non‐linear competition terms in the population growth dynamics ([11](#advs1705-disp-0011){ref-type="disp-formula"}) and ([12](#advs1705-disp-0012){ref-type="disp-formula"}). The tumor cell types *T* ^+^ and *T* ^*p*^ obtain an advantage in the competition due to environmental variations. These advantages are proportional to the coefficient κ = κ~1~ = κ~2~. Meanwhile, from the definition of the non‐linear competition coefficients ([12](#advs1705-disp-0012){ref-type="disp-formula"}), it follows that the tumor type *T* ^−^ is disadvantaged by the environmental variations. It can be seen that the behavior of the slow time varying densities coincides with the non‐averaged densities, determined numerically without the separation of the fast and slow quantities. Indeed, this result clearly validates our approach of separating the slow‐ and fast‐varying quantities. The behavior of these densities depends on the frequency of the environmental variations ω. This approach is valid for frequencies ω \> 1; otherwise all quantities that are of order $O(\frac{1}{\omega^{2}})$ cannot be ignored (see Section [4](#advs1705-sec-0080){ref-type="sec"} for details).

The non‐linear terms will not change the stability of the vertices. Thus, for the cases where the stable rest point of the population growth dynamics (in fixed environment) is in a vertex, that vertex will also be a stable rest point in the case of the varying environment. Accordingly, by changing the initial state of the population dynamics in a varying environment, the tumor growth dynamics might end up in the *T* ^−^ vertex in the current context.

![Tumor population size. For ω = 2, κ~1~ = κ~2~ = 3.35\*10^−8^. Initial conditions are as follows $p_{1}{(0)} = p_{2}{(0)} = p_{3}{(0)} = \frac{1}{3}$, *N*(0) = 3000. The initial conditions of the slow time varying densities ${\overline{p}}_{1}{(0)} = 0.447,{\overline{p}}_{2}{(0)} = 0.219,{\overline{p}}_{3}{(0)} = 0.333$. The averaged population size defined from ([12](#advs1705-disp-0012){ref-type="disp-formula"}) is represented by the blue line. The magenta line represents the total population size directly found from ([(1)](#advs1705-disp-0001){ref-type="disp-formula"}, [(2)](#advs1705-disp-0002){ref-type="disp-formula"}) and ([3](#advs1705-disp-0003){ref-type="disp-formula"}). The brown line represents the population size in the fixed environment (κ~1~ = κ~2~ = 0).](ADVS-7-2000340-g002){#advs1705-fig-0002}

The dynamics of the total population size is shown in **Figure** [2](#advs1705-fig-0002){ref-type="fig"}. The initial conditions and the environmental variations are the same as above. In the stable state, the total population size in the fixed environment is larger than that in the varying environment. This is again due to the fact that the environmental variations create a new stable state in the population dynamics. Indeed, if the initial state is changed such that the dynamics converges to the vertex of *T* ^−^ cells, then the total population size will be the same for the fixed and varying environments.

![Density dynamics of tumor cells in various changing environment. The frequency of the environmental variations are the same ω = 2. Dashed lines represent competition between different types of tumor cells in the fixed environment κ = κ~1~ = κ~2~ = 0. Solid lines illustrate the competition for  κ = 2.95\*10^−8^. In this case, the environmental variation does not generate a new stable state for the population dynamics. However, the environmental variations increase the time taken for the population dynamics to converge to the unique stable state. The dotted lines represent population dynamics for  κ = 3.35\*10^−8^. The initial conditions are the same as in Figure [1](#advs1705-fig-0001){ref-type="fig"}.](ADVS-7-2000340-g003){#advs1705-fig-0003}

The appearance of the new stable rest point in the population dynamics depends on the values of the non‐linear competition coefficient (**Figure** [3](#advs1705-fig-0003){ref-type="fig"}). The dotted lines represent the dynamics of the population densities in the fixed environment κ = κ~1~ = κ~2~ = 0. Dotted lines represent the population growth dynamics in the varying environment for the case when the environmental variations induce new stable state of the population dynamics. If the values of non‐linear competition coefficients κ~*i*~ are not sufficiently large, then the population growth dynamics end up in the same state as in the fixed environment (solid lines in the figures, for  κ = 2.95\*10^−8^).^\[^ [^45^](#advs1705-bib-0045){ref-type="ref"}, [^47^](#advs1705-bib-0047){ref-type="ref"} ^\]^ However, the environmental variations can increase the time taken for the population dynamics to reach the stable state. For any given time, the density of *T* ^−^ tumor type is higher in the fixed environment than in the varying environment.

In the given varying environment, the appearance of the new stable rest point also depends on the initial population size. Under the initial conditions discussed, initial conditions for tumor population $p_{1}{(0)} = p_{2}{(0)} = p_{3}{(0)} = \frac{1}{3}$, but for a small total population size *N*(0) = 300, the new stable state does not appear in the population dynamics. This effect is due to the dependence of the non‐linear terms on the square of the population size ([11](#advs1705-disp-0011){ref-type="disp-formula"}). The non‐linear terms are small for the small populations. To create a new stable state for the small population, higher coefficients of environmental variations κ are needed. Thus, the composition and the population size of a tumor are equally important for controlling the tumor population dynamics.^\[^ [^21^](#advs1705-bib-0021){ref-type="ref"} ^\]^

### 2.2.2. Controlling a Pre‐Existing Heterogenous Tumor Cell Population {#advs1705-sec-0060}

Here, we consider the effect of a varying environment on the population dynamics for which the stable state in a fixed environment includes more than one type of tumor cells. The competition coefficients have to satisfy the six inequalities discussed above, whereas the condition ([5](#advs1705-disp-0005){ref-type="disp-formula"}) might not be satisfied for any vertex.

The competition coefficient matrix is as follows. Under these parameters, the condition ([5](#advs1705-disp-0005){ref-type="disp-formula"}) does not hold for any vertex. Thus, none of the vertices is a stable state of the population growth dynamics in the fixed environment. However, the six inequalities for the competition coefficients are satisfied.

*T* ^+^*T* ^*p*^*T* ^−^*T* ^+^1/*K*0.6/*K*0.7/*KT* ^*p*^0.4/*K*1/*K*0.5/*KT* ^−^0.8/*K*0.9/*K*1/*K*John Wiley & Sons, Ltd.

The population growth dynamics of tumor types in the fixed and varying environments are shown in **Figure** [4](#advs1705-fig-0004){ref-type="fig"}. In Figure [4](#advs1705-fig-0004){ref-type="fig"}, the initial state of the system is the same as the condition in Figure [1](#advs1705-fig-0001){ref-type="fig"}.

![Densities of the tumor types---*T* ^+^(blue), *T* ^*p*^(green), *T* ^−^(red). For ω = 2, κ~1~ = κ~2~ = 3.35\*10^−8^. The initial conditions are the same as in Figure [1](#advs1705-fig-0001){ref-type="fig"}. Dashed lines represent tumor types dynamics in the fixed environment found from ([(1)](#advs1705-disp-0001){ref-type="disp-formula"}, [(2)](#advs1705-disp-0002){ref-type="disp-formula"}). Full lines represent the slow‐varying densities obtained from ([(11)](#advs1705-disp-0011){ref-type="disp-formula"}, [(12)](#advs1705-disp-0012){ref-type="disp-formula"}). Oscillating curves represent the densities of different types directly found from the system ([1](#advs1705-disp-0001){ref-type="disp-formula"}), ([2](#advs1705-disp-0002){ref-type="disp-formula"}), and ([3](#advs1705-disp-0003){ref-type="disp-formula"}).](ADVS-7-2000340-g004){#advs1705-fig-0004}

In this case, the *T* ^+^ type does not occur in the equilibrium state in the fixed environment. The density of the *T* ^−^ type is much greater than the density of the *T* ^*p*^ type. The equilibrium state is on the edge of the simplex connecting the vertices *T* ^−^ and *T* ^*p*^.

Environmental variations can change the densities of the different types of tumor cells in the already established coexistence. In contrast to the case of a fixed environment, the majority of the tumor cells in the new stable state in the varying environment are of type *T* ^*p*^. Conversely, the *T* ^−^ cells are now the minority in the tumor cell population.

In this context, the stable state of the population growth dynamics in the fixed environment is also a stable state of the population growth dynamics in the varying environment. This is the case because the stable state of the population growth dynamics in the fixed environment is on the edge of the simplex so that the non‐linear terms cancel out ([11](#advs1705-disp-0011){ref-type="disp-formula"}). In general, when the rest point is in the interior of the simplex, the stable state of the population growth dynamics in the fixed environment will not be a rest point of the dynamics in the varying environment, as follows from ([11](#advs1705-disp-0011){ref-type="disp-formula"}) and ([12](#advs1705-disp-0012){ref-type="disp-formula"}).

In the previous case, the total population size in the new stable state is smaller than that in the stable state in the fixed environment. Indeed, the closer the stable state is getting to the vertex of the *T* ^−^ cells in the simplex, the larger the total population size becomes. This follows from ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}), and from the ordering of the reproduction and competition coefficients.

The new stable state generation is possible for relatively small values of non‐linear competition coefficients κ~*i*~, *i* = 1, 2 compared to the previous case.

3. Discussion {#advs1705-sec-0070}
=============

Here, we have investigated the tumor population growth dynamics in a periodically varying environment assuming that the environmental changes are fast compared to the tumor growth dynamics. In particular, we examined the competition dynamics between different types of tumor cells in constant and periodically varying environments. These periodical changes can be associated with biotic (blood circulation, nutrients supply) or abiotic (periodical drug usage) variations and/or mechanical stresses. The environmental variations substantially affect the competitiveness of different tumor types but do not alter the time averages of the competition coefficients over a period of environmental variations, which are equal to those in a fixed environment. The environment‐dependent variations in the competition coefficients induce the fast oscillations of the tumor population densities, whereas the slow‐varying component of the densities represents the population growth.

Although many researchers have hypothesized that environmental variations can drastically change the tumor population growth dynamics, our present work provides a comprehensive model and analysis of the phenomenon.^\[^ [^2^](#advs1705-bib-0002){ref-type="ref"}, [^3^](#advs1705-bib-0003){ref-type="ref"}, [^10^](#advs1705-bib-0010){ref-type="ref"}, [^11^](#advs1705-bib-0011){ref-type="ref"}, [^14^](#advs1705-bib-0014){ref-type="ref"}, [^15^](#advs1705-bib-0015){ref-type="ref"}, [^31^](#advs1705-bib-0031){ref-type="ref"}, [^32^](#advs1705-bib-0032){ref-type="ref"}, [^34^](#advs1705-bib-0034){ref-type="ref"}, [^35^](#advs1705-bib-0035){ref-type="ref"}, [^36^](#advs1705-bib-0036){ref-type="ref"}, [^37^](#advs1705-bib-0037){ref-type="ref"}, [^38^](#advs1705-bib-0038){ref-type="ref"} ^\]^ When the competition coefficients vary in the same way, that is, there is no overlap between the varying parts of these coefficients, the population growth dynamics (for slow‐varying densities) does not respond to the environmental variations; that is, in this case, the varying environment is effectively equivalent to a fixed environment. This finding has to be taken into account in cancer therapy approaches that involve changing the environment of a tumor by designing these changes such that the competition coefficient values overlap.

Of special interest are the environment‐induced variations in the competing coefficients when a zero‐sum condition is imposed on the competing coefficients. Under the zero‐sum condition, the tumor population dynamics obtains new non‐linear competition terms. Now the competitive success of the given type depends not only on its competition with the other types, but also on the competition between those other types. Thus, a type that is successful in the competition in a fixed environment, can lose in the varying environment. This effect has been noted in several papers,^\[^ [^41^](#advs1705-bib-0041){ref-type="ref"}, [^45^](#advs1705-bib-0045){ref-type="ref"}, [^47^](#advs1705-bib-0047){ref-type="ref"}, [^48^](#advs1705-bib-0048){ref-type="ref"} ^\]^ but these results are of limited applicability because the analytic derivations are effectively intractable or address specific cases only. Crucially, we linked tumor growth dynamics to environmental variations. Under the zero‐sum condition (i.e., if a tumor cell type *i* gets an advantage, in terms of competition coefficients, over type *j*, the latter type loses the same amount in the competition with the former type), the total population size is indirectly affected by the environmental variations, that is, there are no additional terms in the population size dynamics.

More specifically, we examine the competition between *T* ^+^, *T* ^*p*^, and *T* ^−^ cell types in the metastatic castration‐resistant prostate cancer (mCRPC). These three cell types fundamentally differ with respect to the population of and dependence on testosterone. We describe the competition between these cell types under zero‐sum condition and focus on two types of dynamics: a) when the dominance of *T* ^−^ cells is inevitable, such that, in a fixed environment, only this type of cell is represented in the equilibrium state and b) high percentage of the tumor cells are of type *T* ^−^ in the equilibrium state. The tumor population dynamics is determined by the reproduction and competition coefficients. The densities of each type of tumor cells in the evolutionary outcome of tumor population dynamics are defined by these coefficients. In the real world, these coefficients can vary between patients. Although our results can be generalized for each possible ordering of the competition coefficients, we only discuss the worst case scenario here, namely, the dominance of *T* ^−^ cells that are not susceptible to hormone therapies. For the first case, it has been shown that the environmental variations can induce a new stable state of population growth dynamics. In this state, all the competing types are represented. Meanwhile, the equilibrium state of the population dynamics in the fixed environment remains unchanged. Thus, the population growth will be defined by the initial state of the tumor population or by the basin of attraction of stable states. The total population size of the tumor cells is smaller in the new environment‐induced stable state than it is in the stable state in the fixed environment. If the population growth dynamics converges to the original stable state (which is the only stable state in the fixed environment that includes only *T* ^−^ cells) in the presence of environmental variations, then the population size will also be the same as that in the absence of variations. The appearance of the new stable state depends on the values of non‐linear competition coefficients such that for small values (weak competition), the new stable state may be inaccessible. Although environmental variations can slow down the growth of *T* ^−^ cells, the dominance of these cells will still be inevitable.In the second case, there is more than one type of tumor cell in the stable state of the tumor population dynamics. The environmental variations can change the densities of the tumor cell types. Here, we discuss the case in which two type of tumor cells are represented in the stable state, *T* ^−^ cells with a high density and *T* ^*p*^ cells with a low density. In this case, the original stable state is also a equilibrium state for the population dynamics in the varying environment. However, for the case of an equilibrium state where all cell types are present, the latter observation no longer holds. In the example discussed above, the total population size in the new stable state is also smaller than that in the equilibrium state in a fixed environment.

In conclusion, we show here that environmental variations can drastically change the tumor population growth dynamics. These environmental variations induce a new competition mechanism in the tumor population. These non‐linear competition mechanisms can prevent the dominance of a type of tumor cell that inevitably dominates in the fixed environment. Thus, these variations can be exploited for controlling the tumor population growth such that the tumor population becomes vulnerable to milder treatment methods.

4. Experimental Section {#advs1705-sec-0080}
=======================

We first represent the population densities *p* ~*i*~(*t*) by its slow ${\overline{p}}_{i}{(t)}$ and fast‐varying parts $\varepsilon_{i}{(\overline{p},N,\tau)}$ using the Kapitza method.^\[^ [^59^](#advs1705-bib-0059){ref-type="ref"} ^\]^ $$\begin{array}{rcl}
{p_{i}{(t)}} & = & {{\overline{p}}_{i}{(t)} + \varepsilon_{i}{(\overline{p}{(t)},N{(t)},\tau)}} \\
\end{array}$$

Let ${\hat{a}}_{ij}$ be the primitive of ${\overset{\sim}{a}}_{ij}$, that is, $\partial_{\tau}{\hat{a}}_{ij} = {\overset{\sim}{a}}_{ij}$ and $\overline{{\hat{a}}_{ij}} = 0$. Note that ${\hat{a}}_{ij}$ is also a periodic function with the same period. The slow‐varying part ${\overline{p}}_{i}{(t)}$ represents the density dynamics of the different types of tumor cells in slow times. The fast‐varying part $\varepsilon_{i}{(\overline{p}{(t)},N{(t)},\tau)}$ represents the changes in the population due to the environmental variations. The latter is smaller than the slowly varying part ${\overline{p}}_{i}{(t)}$, oscillates in the fast time and averages to zero: $$\begin{array}{rcl}
{{\overline{\varepsilon}}_{i}{(\overline{p}{(t)},N{(t)})}} & \equiv & {\int_{0}^{2\pi}\varepsilon_{i}{(\overline{p}{(t)},N{(t)},\tau)}\frac{d\tau}{2\pi} = 0} \\
\end{array}$$

The population growth dynamics in the slow time *t* is derived using the system of Equations ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}) with ([3](#advs1705-disp-0003){ref-type="disp-formula"}), ([6](#advs1705-disp-0006){ref-type="disp-formula"}), and ([7](#advs1705-disp-0007){ref-type="disp-formula"}), expanding the right hand‐side of ([1](#advs1705-disp-0001){ref-type="disp-formula"}) by $\varepsilon_{i}{(\overline{p}{(t)},N{(t)},\tau)}$ and keeping the quantities which are of order $O(\frac{1}{\omega})$, finally averaging by fast time τ (see Supporting Information). $$\begin{aligned}
\frac{d{\overline{p}}_{i}}{dt} & {= {\overline{p}}_{i}\left( {\mathcal{F}_{i} - \sum\limits_{j}{{\overline{p}}_{j}\mathcal{F}_{j}}} \right),\qquad\sum\limits_{i}p_{i} = 1} \\
\end{aligned}$$ $$\begin{array}{cl}
\mathcal{F}_{i} & {\equiv r_{i} - N\left( {\sum\limits_{j}{{\overline{a}}_{ij}p_{j}} -} \right.} \\
 & \left. {- N\left( {\sum\limits_{k,l}{b_{ikl}{\overline{p}}_{k}{\overline{p}}_{l}} + \sum\limits_{m,n,l}{c_{ikmn}{\overline{p}}_{k}{\overline{p}}_{m}{\overline{p}}_{n}}} \right)} \right) \\
\frac{dN}{dt} & {= N\sum\limits_{j}{{\overline{p}}_{j}\mathcal{F}_{j}}} \\
\end{array}$$

The fast environmental changes contribute to the population dynamics by incorporating the non‐linear terms, concerning the competing coefficients in the growth rates of the population densities. These coefficients have the following form: $$\begin{array}{r}
{b_{ikl} = \frac{1}{\omega}\overline{{\overset{\sim}{a}}_{ik}{\hat{a}}_{kl}},\qquad c_{ikmn} = \frac{1}{2\omega}\overline{{\hat{a}}_{ik}{({\overset{\sim}{a}}_{mn} + {\overset{\sim}{a}}_{nm})}}} \\
\end{array}$$

The effective dynamics of the population growth in the slow time differs from the known density‐dependent growth of the population. Indeed, the growth rates of the population densities do not linearly depend on the population size *N*. The periodical variations of the environment effectively change the nature of the population growth dynamics. Note that the initial state for the averaged densities in ([8](#advs1705-disp-0008){ref-type="disp-formula"}) and ([9](#advs1705-disp-0009){ref-type="disp-formula"}) differs from the initial state of the non‐averaged densities in ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}) (see Supporting Information). The latter effect is known as the "initial slip" in dynamical systems.^\[^ [^60^](#advs1705-bib-0060){ref-type="ref"} ^\]^

From ([8](#advs1705-disp-0008){ref-type="disp-formula"}), the density of the given type depends not only on the competition of different pairs, but also on the competition of the given type against the total population in fast‐time scales. The intensities of these interactions are described by the averaged coefficients ([10](#advs1705-disp-0010){ref-type="disp-formula"}) and by the total population size.

The non‐linear terms in population growth rates cancel out if all the coefficients vary in the same phase ${\overset{\sim}{a}}_{ij} = \alpha_{ij}g{(t)}$ for all types--α~*ij*~, amplitudes of varying coefficients, or if only one coefficient varies during the time. Thus, if the biotic or abiotic variations of the tumor environment change the competition between different types in the same way, then the varying environment can be considered to be a fixed one. The environmental changes induce a non‐trivial contribution to the population growth dynamics if at least two competition coefficients vary in different phases. The necessity of varying phase overlapping for non‐trivial effects of the population growth in the periodical changing environment has been recognized.^\[^ [^45^](#advs1705-bib-0045){ref-type="ref"}, [^47^](#advs1705-bib-0047){ref-type="ref"}, [^48^](#advs1705-bib-0048){ref-type="ref"} ^\]^

The non‐linear terms also cancel out in the limit of ω → ∞. Thus, the environment‐induced effects in the population growth dynamics will be non‐trivial if the environment does not vary too fast. Thus, in the presence of the environmental changes (either biotic or abiotic), the population growth dynamics can drastically differ from the dynamics under fixed environment.

Here, we will study the population growth dynamics comprising three types under the periodical environmental changes. The case of three types in the population corresponds to the different types of tumor cells in metastatic prostate cancer---*T* ^+^, *T* ^*p*^, and *T* ^−^ cells. The densities of the different types of tumors are denoted by *T* ^+^ → *p* ~1~, *Tp* → *p* ~2~, *T* ^−^ → *p* ~3~.

It is assumed that the self‐limitation of different types are not affected by the environmental changes ${\overset{\sim}{a}}_{ii} = 0,\mspace{600mu} i = 1,2,3$. For the rest of the competition coefficients, a zero‐sum condition ${\overset{\sim}{a}}_{ij} = - {\overset{\sim}{a}}_{ji}$ is made. The latter condition means that if the type *i* takes an advantage over type *j*--due to the environmental variations--then the latter type suffers by the same amount in the competition with the former type.

Under the above conditions and from ([8](#advs1705-disp-0008){ref-type="disp-formula"}) and ([9](#advs1705-disp-0009){ref-type="disp-formula"}), the population growth dynamics for three types of competing species takes the following form: $$\begin{aligned}
\frac{d{\overline{p}}_{i}}{dt} & {= {\overline{p}}_{i}\left( {{\overline{f}}_{i} - \sum\limits_{j}{{\overline{p}}_{j}{\overline{f}}_{j}}} \right) + \kappa_{i}N^{2}{\overline{p}}_{1}{\overline{p}}_{2}{\overline{p}}_{3}} \\
\end{aligned}$$ $$\begin{aligned}
{\overline{f}}_{i} & {\equiv r_{i} - N\sum\limits_{j}{{\overline{a}}_{ij}{\overline{p}}_{j}}} \\
\frac{dN}{dt} & {= N\sum\limits_{j}{{\overline{p}}_{j}{\overline{f}}_{j}}} \\
\end{aligned}$$where *i* = 1, 2, 3 and $$\begin{array}{cl}
{\kappa_{1} = b_{123}} & {+ b_{132},\mspace{600mu}\kappa_{2} = b_{213} + b_{231}} \\
 & {\kappa_{1} + \kappa_{2} + \kappa_{3} = 0} \\
\end{array}$$

The sum of non‐linear terms in ([11](#advs1705-disp-0011){ref-type="disp-formula"}) cancels out because it is needed for the conservation of normalization $\sum_{i = 1}^{3}{\overline{p}}_{i} = 1$.

Equation ([11](#advs1705-disp-0011){ref-type="disp-formula"}) reveals that the non‐linear terms do not change the stability of the vertexes in the simplex. This is because the non‐linear terms cancel out at each vertex. Thus, if a vertex is a stable rest point in the fixed environment described by ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}), then it will remain as a stable rest point under the environment‐induced dynamics and with zero‐sum condition. From ([12](#advs1705-disp-0012){ref-type="disp-formula"}), it follows that under the zero‐sum condition the environment‐induced non‐linear terms are absent from the total population growth dynamics. This is due to the fact that the non‐linear averaged terms in ([9](#advs1705-disp-0009){ref-type="disp-formula"}) nullify under zero‐sum condition. Thus, the environmental changes indirectly affect the total population growth dynamics, that is, only by the averaged population densities.

The coefficients κ~*i*~ in ([11](#advs1705-disp-0011){ref-type="disp-formula"}) describe the advantage taken by the type *i* in competition with other types due to the environmental changes, for example, for *T* ^+^ type, the coefficient κ~1~ includes two terms *b* ~123~ and *b* ~132~. Each of these terms includes the competition coefficient of type *T* ^+^ with the other two types. Using the zero‐sum condition, the coefficient κ~1~ can be written as $\kappa_{1} = \frac{1}{\omega}\overline{{({\overset{\sim}{a}}_{12} - {\overset{\sim}{a}}_{13})}{\hat{a}}_{23}}$. It is seen that the possible advantage of type *T* ^+^ against other types depends on both the competition of that type with other types and the competition between the other two types. Note that the values of the non‐linear coefficients κ~*i*~ do not depend on the fixed competition coefficients ${\overline{a}}_{ij}$ because the population growth dynamics in slow times is obtained from ([1](#advs1705-disp-0001){ref-type="disp-formula"}) and ([2](#advs1705-disp-0002){ref-type="disp-formula"}) under the assumption of ${\overline{p}}_{i} > > \varepsilon_{i}$.
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